(1) (10 pts) Consider the initial value problem 3y’ = ¥, y(0) = 0.
(a) Use Euler’s method with step size h = 0.5 to approximate y(1.5).
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(b) Solve the IVP analytically.
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(c) How do you account for the discrepancy between your analytic solution from part (b)
solution and your approximation in part (a)?
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(2) Consider the system
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(a) Show that both Y (¢ (t +th ) and Ys(t) = <é> are solutions of (x).
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b) Show that Ys(t) = e~t/2 -1 is a solution of the system
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(c) Find the solution Yy (¢) of () satisfying the initial condition Yo(1) = (g)
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(3) Solve the initial value problem
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(HINT: The system partially decouples.)
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(4) Let z(t) and y(t) be the populations (at time t) of two species of animals. The behavior of
the two populations is modeled by the system
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(a) What happens to each species in the absence of the other? How do you know?
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(b) How do the two species get along? How do you know?
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(c) What are the equilibrium population levels?
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(4) (continued)
(d) Classify each equilibrium point. What does that mean, practically, about the popula-

tion levels?
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(e) Sketch the z- and y-nullclines of the system. (Be sure that I can tell which is which.)
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(f) Describe all the possible long-term behaviors of the system. Which of these behaviors
might you actually see in nature? Why? ‘
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(5) Consider the nonlinear system pr (y) =F ( . If po = (0, Yo, 20) is an equilibrium point

z
and dF(pg) (the Jacobian matrix at po) has eigenvalues A\; = 1, Ay = 2i, and \3 = —2i,
what can you say about the behavior of the system near the point pg?

77* (rager  syste— hes one  ropellio Awvectron /z(,:()/d s G ceadlen [~
t oftor tuo Homensions.

Te ec'{‘m/fﬁ‘(-— Wil Qs one fc/(//’g et o b Sere. (- e o
do dimensivas, (”(~ could Se = ceafer, specsl Seaee, o spim( poaf

i

(a) Explain why the solutions of a linear homogeneous system of ordinary differential
equations form a vector space.

RBecawe - @

AR Yo o S, s (¥ dny e mdinsfon,
aY. *S)/.L
- N/ -7
éy, <i) = <Y, +4V = dany, A %
AL [y, SG)

N @8
N~

(b) Give an example of a first-order ordinary differential equation whose solutions do not
form a vector space. (Be sure to justify your answer, that is, show that they don’t
form a vector space )
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(7) In the figures below, Poincaré map pictures are given for orbits of three different systems,
each with a periodic forcing term of periodT. Also, three y(t)-graphs for solutions of the

systems are given.
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(8) Find the general solution of the system
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9) Consider the one-parameter family of differential equations ¢/ = y? — ay + 1.
y
(a) Locate the bifurcation value (or values) of a.

lines ol=0= o= d9u  , _ SEiad
Fond gquilibass g J )y —
J
d robs 7€ deacd |t <22y o if [s[2d)

5(2 '{‘L( é;‘ru/n-ﬁ‘aﬁ Vc./\c_g ae ;(:OL

(b) Draw the phase lines for values of a slightly smaller than, slightly larger than, and at
the bifurcation value (or values), and describe the long-term behavior of each system.
(If you couldn’t do part (a), draw the phase lines and describe the behavior of y/ = —y% + 1,
Y ==y} andy = —y* - 1)
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EXTRA CREDIT (10 pts) The butterfly effect has been described as the idea that if a butterfly

flaps its wings in Brazil on Tuesday, it can set off a tornado in Texas on Friday. Briefly explain this
idea in mathematical terms.
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